ABSTRACT
Introduction
The general mixed linear model under consideration is
where Y is a n x 1 vector of observable phenotypic values, fJ is a p x 1 vector of parameters that model environmental influences on the phenotypic values, u is a m x 1 vector of unobservable variables representing the (additive) genetic influences on the phenotypic values, and e is a n x 1 vector of unobservable variables representing the influence of other environmental and genetic effects on the phenotypic values that are not accounted for in the first two terms on the right side of equation (1). The matrices X and Z are known and without loss of generality, rank(X) = p.
For example, in the application to be discussed later in the paper, Y is the set of measurements of loineye muscle area (measured in square inches) of yearling bulls from a Red Angus seed stock herd, fJ keeps track of the age-group of the dam of each animal, u refers to the (additive) genetic effect of the animals on the loineye muscle area, and e represents the other influences on loineye muscle area that have not been accounted for by the age of dam and the (additive) genetic effects.
In the usual manner it is assumed that u and e are multivariate normally distributed. 
In essence, the n -p dimensional vector H'Y can be partitioned into d independent vectors, namely, P~H'Y, i = 1, ... , d, where each sub-vector is of length rio The corresponding quadratic forms associated with the independent pieces of infor- (
plus other terms not involving p and (J~. The REML estimator for p may be written as
where p is represents an initial value and an iterative method is employed until the procedure converges to a solution. Alternatively, one may use the restricted log-likelihood function and employ iterative procedures such as Newton-Raphson, expectation-maximization, method of scoring, or other algorithms to compute the REML estimator. In any case, equation (3) suggests that the REML estimator of p is a ratio of a weighted linear combination of the quadratic forms. The weights themselves depend on the eigenvalues, the replication of the eigenvalues, and p. It is interesting to note that for the simple
By definition, the REML estimator of a variance component is confined to the corresponding parameter space. Thus, in those instances where the right side of (4) is less than zero, pis set equal to zero.
It is interesting to note that in the balanced one-way random effects model, d = 2, Ql is the sum of squares within groups (error), and Q2 is the sum of squares between groups (model). Furthermore, .6.1 = 0, Tl is equal to the degrees of freedom within groups (error), .6.2 is equal to the number observations per group, and T2 is equal to the degrees of freedom between groups (model).
The asymptotic distribution of the REML estimator of p can be determined using the standard regularity conditions. Fisher's information matrix may be obtained from logL(p, (J~ The closed-form approximation to the REML estimator of P indexed by k is (7) (8)
where Pk is confined to the parameter space. Note that (10) is similar in form to (4) 
Loineye Muscle Area of Yearling Bulls
Data were obtained on one hundred and seventy one yearling bulls from a Red Angus seed stock herd in Montana (Evans et al. (1995) ). One of the traits of interest was the loineye (i.e., ribeye) muscle area measured in square inches. Ultrasound techniques were used to procure these measurements which were located on the dorso-ventralline between the 12th and 13 th ribs on the left side of each animal.
The fixed effect was age of dam which had been originally recorded as belonging to one of eight categories: 2 years, 3 years, 4 years, 5-9 years, 10 years, 11 years, 12 years, and 13 or more years. Since there were only a few observations associated with dams greater or equal 10 years of age, our analysis used five categories for age of dam: 2 years, 3 years, 4 years, 5-9 years, and 10 or more years.
The mixed linear model we consider is Y = XfJ + Zu + e, where Y is a 171 x 1 vector of loineye muscle area measurements, X is a 171 x 5 incidence matrix, fJ is a 5 x 1 vector of parameters associated with the five age categories of the dams, Z is 171 x 171 identity matrix, u is a 171 x 1 vector which models the (additive) genetic effect of each animal on its loineye muscle area, and e is a 171 x 1 vector which takes into account all the other influences on loineye muscle area that have not been accounted for by the age of dam and the (additive) genetic effects.
The relationship matrix A was determined using a recursive method given in Henderson (1976 Eigenvalues range in magnitude from ~1 = 0.56569 to ~165 = 8.65925. Except for ~61 = 0.67188 having r61 = 2, all eigenvalues have a multiplicity of one.
Since d = 165, there are 164 ways to partition the information Q1, ... , Q165 into I:f=l Qi and I:i!~+1 Qi in order to obtain a closed-form approximation to the REML estimator of p as given in (10). We select the value of k, and hence the estimator Pk, that results in ASE(Pk) being close to ASE(p). From Figure 1 , we see that the closed-form estimators Pk have larger asymptotic standard errors than the REML estimator as some information was lost when compressing Q1, ... , Q165 into I:f=l Qi and I:i!~+l Qi. Furthermore, there does not appear to be a single best Pk when considering the entire parameter space from 0 to 1. One can, however, provide recommendations as to which closed-form estimators perform well in the sense of comparing ASE(Pk) to ASE(p) across the parameter space. When making these comparisons, it is also important to note that dramatic differences between ASE(Pk) and ASE(p) exist when p is small. Furthermore, if one uses the relative difference between the asymptotic standard errors as a measure of goodness of the closed-form estimator of p, then absolute differences between ASE(fJk) and ASE(P) when p is close to zero are more important than absolute differences between ASE(Pk) and ASE(p) when p is close to one since ASE (P) is an increasing function of p. For these reasons the authors suggest that the closed-form estimator associated with k = 150 is a viable candidate whose large sample performance tends to mimic those of the true REML estimator. In this example, it is interesting to note that the value of the true REML estimator is 0.10 whereas P150 = 0.08.
Summary
An analytic expression which approximates the REML estimator of heritability provides a useful alternative to a full implementation of the REML iterative procedure. The properties of the closed-form estimator mimics those of the true REML estimator. Since there are many ways in which to compress the quadratic forms into two groups, there are many possible closed-formed estimators. The closed-form approximations to the REML estimator are denoted by Pk. The large sample criterion used in this paper to determine the optimal choice of k considers the standard error of the closed-formed estimator as compared to the standard error of the REML estimator. In this manner one may quantify how much information is lost by using a closed-form approximation. Further research is needed in order to judge the quality of the closed-formed estimators in small sample applications.
